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Effective Models of Heat Conduction in Composite Electrodes

Weiyu Li

and Daniel M. Tartakovsky”

Department of Energy Science and Engineering, Stanford University, Stanford, California 94305, United States of America

Thermal effects impact battery performance, safety, and health. Existing models of heat generation, conduction, and dissipation in
batteries account for distinct physicochemical properties of the active material and electrolyte but routinely disregard the presence
of the carbon binder domain (CBD), which ensures the electrodes’ cohesiveness and structural stability. We present a homogenized
thermal model for a spherical active particle coated with CBD and immersed in a liquid electrolyte. The model replaces this
composite particle with a homogeneous particle whose equivalent thermal conductivity and other properties preserve the amount of
released heat and heat flux at the solid/electrolyte interface, for a given ambient temperature. The effective thermal conductivity is
expressed in terms of the volume fraction of the active material in the mixture and the electrochemical and thermal properties of
both the active material and CBD. This analytical expression for thermal conductivity can be readily integrated into thermal
simulations at either device-scale or pore-scale, without adding computational complexity. Consequently, it provides a means to
account for CBD in models used for battery design and management.
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Thermal effects play a crucial role in the performance, safety, and
overall health of batteries. Heat is generated during both charging
and discharging, which increases a battery’s internal temperature.
Major heat sources include the irreversible Joule/Ohmic heating in
the electrode and electrolyte, irreversible reaction heat, and rever-
sible entropic heat at the electrode/electroyte interfaces."” The
accumulation of excessive heat within the battery can have adverse
effects such as electrolyte decomposition and thermal runaway.>*
Quantitative understanding of heat conduction, generation and
dissipation is necessary to uncover the impact of electrodes’
microstructure on a battery’s thermal behavior at the microscale,’
to characterize thermal properties at the cell level, and to implement
efficient thermal management at the system level.” Additionally,
electrochemical reactions and transport properties (diffusion coeffi-
cient, conductivity) are temperature sensitive.

The vast majority of experimental research on thermal phe-
nomena in batteries is conducted at the cell and system levels,
including cell-level thermal abuse measurements and thermal run-
away propagation in battery packs.®"'? The relative paucity of
experimental studies at the micro-scale'®'* is primarily due to
technical challenges of mapping out the internal temperature field
through non-destructive in situ measurements.'” In this situation,
mathematical modeling presents a viable tool to estimate the internal
temperature distribution within a cell. Despite their importance, most
of such models are relatively low-fidelity. Representative examples
include lumped-parameter models>'®™'® or models that treat the
cell’s components as homogenized.'”' While these models often
yield accurate assessment of the overall cell and system perfor-
mance, they are not designed to capture the intricate effects of a
battery’s microstructure. They fail to adequately represent thermal
processes at the particle level and heat generation at the electrolyte-
solid interfaces, e.g., the formation of local hotspots. Further
refinements of modeling approaches are needed to account for these
microstructural complexities and to improve the understanding of
battery thermal behavior. Several studies have emphasized the
significance of improving the prediction of effective thermal con-
ductivity of battery components.**~>*

The ubiquitous presence of binder and conducting carbon,
collectively known as the carbon binder domain (CBD), introduces
additional complications. CBD is used in lithium-ion and lithium-
metal batteries to improve the mechanical integrity and electrical
conductivity of their electrodes. Previous studies have illustrated
CBD’s effects on mass and charge transport in the electrodes,*>*°
but its influence on thermal conduction remains unexplored, even
though it has the potential to act as either a heat insulator or a heat
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conductor within the electrode structure. Therefore, it is necessary to
develop a mathematical model that relates measurable characteristics
of active particles and CBD, such as their volume fractions and
thermal properties (thermal conductivities, heat capacities, etc.) to
the bulk thermal properties (thermal conductivities, heat capacities,
etc.) of the composite electrode material. Existing theoretical
relations, such as Wiener bounds or Hashin-Shtrikman bounds,?’
are inadequate to determine the effective thermal conductivity of the
battery electrodes because they do not guarantee the energy
conservation in the presence of various heat generation sources
that are coupled with mass and charge transport in the electrode.

We address the aforementioned challenges by presenting an
equivalent/homogenized model of heat transfer in a spherical active
particle coated by CBD and immersed in a liquid electrolyte. The
model accounts for multiple sources of heat generation, including the
Joule-Ohmic heating and entropic heating, which occur within the
electrode and CBD and at their interfaces. The model ensures the
global conservation of mass, energy, and charge. A key outcome of
our model is a semi-analytical expression for the effective thermal
conductivity of the homogeneous particle, which comprises the
volume fractions and transport properties of the constitutive phases
and takes a closed form at large time. This result, coupled with the
derivation of the effective ionic diffusivity and electrical
conductivity,”> completes a comprehensive study of effective physi-
cochemical properties of composite (active-material/CBD) electrodes.

Our effective heat transfer model can be integrated into existing
thermal models at the device level to investigate the impact of the
CBD’s physical properties (thermal conductivity, volume fraction, etc.)
on heat transfer within the battery cell. Our model can also be deployed
in pore-scale simulations by lumping together the active material and
CBD. Our analytical expression offers a distinct advantage, as it can be
directly used in these models without adding computational com-
plexity. Our research contributes to the advancements in battery
technology by providing a deeper understanding of the thermal aspects
of composite electrodes. By considering the complex interplay
between heat transfer, ion diffusion and intercalation, and charge
transport, our electrochemical-thermal model provides a valuable tool
for optimization of the fractions of each component in the composite
electrode to enhance the overall battery performance.

Problem Formulation

Our effective heat-transfer model is formulated in a manner
consistent with the previous study of mass and charge transport in
composite electrodes.”> We consider a spherical active particle of
radius r; that is coated with a CBD layer, giving rise to a composite
sphere of radius r, (Fig. 1). The active material has diffusion
coefficient D; (m?/s), ionic conductivity K; (S/m), density p;
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(kg/m®), heat capacity ¢p, J/kg/K), and thermal conductivity A; (W/m/

K); the corresponding quantities for CBD are denoted by D,, K>, p,,
¢p, and X,. Li-ion intercalation takes place at the active particle’s
surface, i.e., at r = ry, which induces reaction heat flux Qye,c (J/m?/s)
and entropic heat flux Qeyy (J/m%s).! The sphere is immersed in an
electrolyte with Li-ion concentration c, (mol/m>), electric potential ¢,
(V) and temperature 7, (K); uniform electric field E in the x direction
represents electric field in a working battery’s electrode. Ionic
resistance under the electric potential gradient gives rise to the
Joule/Ohmic heating in the solid electrode, gopm (I/m3fs). We ignore
the contributions of heat transfer due to mixing, which is associated
with concentration gradients within the active material and CBD, and
heat of phase change. Both are insignificant compared to the Ohmic
heat, reaction heat and entropic heat.? Binder decomposition and side
reactions between the active material and CBD are ignored as well.

An equivalent representation of this composite particle is a
homogeneous sphere of radius r, that has density p*, heat capacity
c;‘ , diffusion coefficient D*, ionic conductivity K" and thermal
conductivity \*. These characteristics are such that, for a given outer
surface temperature, the two spheres have the same heat flux from
the electrolyte across their outer surfaces and the same amount of
heat release (while enforcing mass and charge conservation). Our
goal is to express these equivalent parameters in terms of the volume
fractions (V; = }’13/}’23 and V,=1—V;) and physical and electro-
chemical properties of each phase.

Heat transfer in active core and CBD coating.—Given the
composite particle’s geometry, we deploy a spherical coordinate
system r = (r, 6, ¢)'. Spatiotemporal evolution of temperatures (K)
in the active material, 7(r, 7) with 0 < r < r, and the CBD coating,
Tx(r, t) with r; < r < 1y, is described by heat equations,1

oT;
picPia—z‘L = _V'Jheal,i + qohm,i’

Jheari = =4 VT, i=1,2. [1]
Here, gonm,; is the irreversible Ohmic heat generation induced by the

ionic resistance under the gradients of electric potentials in each
phase, ¢(r, 1) with 0 < r < ry and ¢o(r, 1) with ri <r<r,

Gonm.; = KiVe Ve, i=1,2 [2]
Equations 1 and2 are defined on 0 <r<r; for i=1, and on
ry <r<r, for i=2; both for time t>0. They are coupled by

enforcing the continuity of the temperatures, 7;, and the energy
balance at the interface r =ry,

Ce, Pe

Dy, K, Ao

_

Ti(r, 1) = Ta(ry, 1), (3]

and

o7 oT;
W=, 1) = a2 (n, 1) = Qin(ri, 1),
or or
Qint = Qreac(r1> 1) + Qener(r1, ). [4]
The irreversible reactive heat flux at the interface r = ry,
Qreac = Jl'[¢1 - ¢2 - U(Cl/cl,maxv 1)), [5]

relates the intercalation current density Ji(rq, ) (A/m?) to the
activation overpotential ¢;(ry, 1) — pa(ry, t) — U(ci(r1, 1)/C1max)-
Here, U is the open circuit potential (V) that depends on both the
Li filling fraction cj/c; max and temperature 7T; c(r, t) is the Li
concentration (mol/m?); and C1.max 1S the maximum Li concentration
that could be stored in the active particle. The reversible entropic
heat flux,

U (¢1/¢1.maxs T)
%m=hn——¥$f——, [6]

is induced by intercalation/de-intercalation of Li ions at the active
particle surface r = ry.

At the interface between the composite particle and liquid
electrolyte, r = r,, both temperature and the radial component of
heat flux are continuous,

0T, o7
T.(ra, 1) = Th(rp, 1), Ae==(ro, 1) = do—=(ra, ). [7]
oar or

Here, T,(r) with r > r, is the electrolyte temperature, and \. denotes
the thermal conductivity of the electrolyte. The problem formulation
is completed by specifying the boundary and initial conditions

TLi(r=0,1) < o0 ; Ti(r,0) =Ty i=12 (8]

Heat transfer in equivalent particle—The equivalent model
treats the composite particle as a homogeneous material with

equivalent density p*, heat capacity c,;" , and thermal conductivity
X', etc. (Fig. 1). Equations 1 and 2 are replaced with

or o«
prey o = Ve * Ao Jhea = —A*VT 9]
o ® ® °,
° .
Ce, ¢e 2 R .
. .
° °
° .
. ) s
9 .
o. D*, K*, A ..
X .
L °
° °
< . o
® e o o © ¢

Figure 1. Left: Spherical composite particle of radius r, comprising an active material core of radius r; coated with a CBD layer. The active material has
diffusion coefficient D, ionic conductivity K, and thermal conductivity A;; the corresponding quantities for CBD are denoted by D, K, and A,. Right: Its
homogeneous counterpart with equivalent diffusion coefficient D”, ionic conductivity K, and thermal conductivity ™. The red lines denote locations of the
intercalation surface. The sphere is immersed in an electrolyte with Li-ion concentration c., electric potential ¢., and uniform electric field E = — V..
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and
q;m = KyK*V-Ve. [10]

These equations describe the spatiotemporal evolution of tempera-
ture, T(r, t), in the equivalent homogeneous particle, i.e., for
0 < r < ry. The Ohmic heat generation, q:;lm, involves the equivalent
jonic conductivity K~ (S/m) and the ionic conductivity correction
factor /C;, (-). The latter is determined below by requiring the amount
of heat flux entering the composite and homogenized particles at
r = r, to be the same.

The interfacial and boundary conditions 3—7 are replaced with the
boundary conditions at r = r,,

Te(r2, 1) = T(r2, 1), [11a]

oT oT.
(2, 1) = de—==(rp, 1) = Qf(r2, 1),
or or
= Qs ) + Ql(ra, ). [11b]

The equivalent reactive heat flux, Q% , and entropic heat flux, Q% .,
at the electrolyte-solid interface r = r, are given by

Qe =Jlp — b, — Ulc/emax, T, [12]

ou (C/Cmax’ T)

::ntr =Jr oT

(13]
The intercalation current density, J(r,, 1) (A/m?), and the maximum
Li concentration that can be stored in the homogenized particle, ¢y,
are chosen to ensure their consistency with the composite particle.”
Boundary and initial conditions 8 are replaced with

Tr=0,1)<o0; ¢p(r=0,1)<o0; T(, 0) =T, [14]

Thermal problems 1-8 and 9-14 are coupled with heat transfer
equations for the electrolyte and with transport equations for both the
solid particles and the electrolyte. The following simplifying assump-
tions facilitate the derivation of the effective properties of a composite
particle. First, since interfacial conditions 7 and 11 hold for all values
of the liquid electrolyte temperature at the interface, T.(r,, - ), We treat
the latter as given rather than computed from the heat transport
equation in the liquid electrolyte.”” Second, while some relevant
transport parameters, such as diffusion coefficients and intercalation
rates, are concentration- and temperature-dependent, we treat them as
piece-wise constants. This is consistent with the state-of-the-art
pseudo two-dimensional (P2D) models of electrochemical transport
in batteries (e.g., Ref. 26 and references therein); rather than dealing
with concentration-dependent diffusion coefficients, D = D(c), these
models use different constant values D for different values of the state
of charge, ¢ (ry, t)/cmax. Third, we consider a constant current density
i with magnitude / (A/m) at the electrode/electrolye interface, r = r»
(Fig. 1) and assume azimuthal symmetry.

Equivalent Thermal Properties of Solid Phase

The density and heat capacity of the equivalent homogeneous
particle are computed as®’

P* =pVi+p, V2 [15]

«_ V1Picp + Vapscp,
Vit pVa

c [16]

These and other relations are derived by ensuring that the homo-
genized particle retains key integral characteristics of the original
composite particle. For example, the requirement that the two
particles have the same total Li-ion intercalation flux yields

(Eq. 17 in Ref. 25)
i, 1) = 13 (ray, t — YH(t = ), [17]

where H(-) is the Heaviside function, and the reaction delay time
7p = (ry — 11)?/D, accounts for the shift of the intercalation inter-
face from the inner radius r =r; to the outer radius » =r,. The
thermal conductivity of an equivalent medium is known to exhibit
transitory effects at early times.”® We define \"(s) and KCi(2) as the
thermal conductivity and the ionic conductivity correction factor of
the homogenized sphere that produce the average temperature 7 ()
corresponding to the average temperature of the composite sphere,
ie.,

471';"23
3

T@) = /0’2 T(r, t) r2 dr

= [T 02 dr + [F T, 012 dr, [18]
0 rn

and satisfy the integral form of the energy balance in 17. In the
Appendix, we derive integral equations satisfied by A"(¢) and K, (¢);
after the transitory effects dissipate, these properties reach their
constant asymptotes given by the weighted harmonic means of K
and K5, and \; and \,:

Ky _vi'”? L 3ad - Vi) + 4b(1 = V) + 6¢(1 — V%)
K* K 4K,

[19]

and

_ylg
Y ={ (14/{:}&) [15a((vll/? + 1)3 _ V12/3 _ V11/3)

+ b(4(vll/3 + 1)2 _ ‘/11/3)

15¢ 1,173 v ks
+ 2, +1)]+m} K. [20]

Here, the functions a(V;), b(V;) and c¢(V;) are defined in Eq. A-26b
of the Appendix, and
K*= 2Kk [21]

viti-i 173
2K5/V,
1-VB3] 3112 + 2/ V]

K

is the equivalent ionic conductivity.” If the sphere consists entirely
of the active material, i.e., if V| = 1, then these expressions reduce to
K, =1and A" = Ay, as they should.

Results and Discussion

The ionic conductivity correction factor /C, is introduced to
ensure that the same amount of heat enters the composite and
homogenized particles from the electrolyte, in the presence of the
Ohmic heat generation in CBD, gonm»> =KoV, - V,. Figure 2
exhibits the functional dependence, given by Eq. 19, of X, on both
the volume fraction of the active material in the mixture, V;, and the
physical properties of the active material and CBD. The latter
properties are reported as the ratio of ionic conductivities, K»/K;, and
the ratio of thermal conductivities, A»/A;. Since less Ohmic heat is
generated in CBD than in the active material, the correction factor
KCy decreases as V increases (Fig. 2a), i.e., as the amount of CBD in
the composite decreases. Since the equivalent ionic conductivity K~
increases with V; in accordance with Eq. 21, the ratio K,/K*
decreases with V; (Fig. 2b).

The magnitude of the correction function K, increases as the
contrast between ionic conductivities of the CBD and active
material, K,/K;, becomes more pronounced (Fig. 2a), due to the
reduction in Ohmic heat generation in CBD. It follows from Eqs. 21
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Figure 2. Dependence of (a) ionic conductivity corrector K, and (b) its normalized counterpart K;,/K* on the volume fraction of the active material in the
composite, V. It is computed with Eq. 19 for the thermal conductivity ratio A»/A; = 0.01 and the ionic conductivity ratios K»/K; = 0.00178, 0.0178, 0.178 and
1.78. In (b), K* = K*/K; denotes the equivalent ionic conductivity of the homogeneous particle normalized with the ionic conductivity of the active material.

3 . . .
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Figure 3. Dependence of equivalent thermal conductivity A", normalized
with the active material’s thermal conductivity A;, on the volume fraction of
the active material in the composite, V. It is computed with Eq. 20 for the
thermal conductivity ratio A\y/A; = 0.01 and the ionic conductivity ratios
K>/Ky = 0.00178, 0.0178, 0.178 and 1.78.

and 19 that, for a fixed K,

lim K, =1 [22]
K— o
and
lim K, /K* = vi'3/K, [23]

Ky— oo

as no Ohmic heat is generated in CBD with large ionic conductivity
(K — ).

Figure 3 exhibits the dependence of equivalent thermal con-
ductivity \’—normalized with the active material’s thermal con-
ductivity, A;—on the volume fraction of the active material in the
composite, V;. The function 5V = Wi is computed with
Eq. 20, for the thermal conductivity ratio A\p/A\; = 0.01 and several

10 ; ; ;
—  EBi/(prey,)
N ~ - By/(pacy,)
j=10] e - . x 2
g 10} e E/(p'c;) 1
g ~rag
— ~
2} -
= 2k N .
E 10 N
B »
\
o) 4L ]
510 '
Tg \
i
5 10°F i
Z.
108 ' ' '
0.8 0.85 0.9 0.95 1
Vi

Figure 4. Internal energy, normalized by respective volumetric heat
capacity, in the active material, Ei/(p,cp ), in CBD, E»/(p,cp,), and in the
homogeneous particle, E / @*c: ), as function of the volume fraction of the
active material in the composite, V;. The ratios of the ionic conductivity and
thermal conductivity are set to K»/K; = 0.0178 and A\y/\; = 0.01, respec-
tively.

values of the ionic conductivity ratio K,/K;. The function
1% = I*(W) is non-monotonic: 1™ first increases and then decreases
with V), reaching 1* =1 when V; =1. The maximum value of
7 = 1"(W) in Eq. 20 is attained at V;" for which 0A"/0V, = 0. The

maximum thermal conductivity of the mixture is A%, = A*(V{™®).

To gain physical insight into this non-monotonic behavior of
/T*(V,), we rewrite Eq. 18 as

*C* *C*
=" "E1+p PE,, [24]
P1Cp, P2Cp,

in terms of the internal energies (J/m3) in the active material, CBD
and the homogeneous particle,
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Figure 5. Dependence of (a) ionic conductivity corrector X, and (b) normalized equivalent thermal conductivity 4 * on the volume fraction of the active material
in the composite, V;. The graphs are computed with Eqgs. 19 and 20, for the ionic conductivity ratio K»/K; = 0.0178 and the thermal conductivity ratios

Ao/ A = 0.0001, 0.001, 0.01 and 0.1.

.

E\ = pcp, /0] Ti(r, 1) r? dr,
n =

Ey=pycy, [ TG, 1) 72 dr,

E = p*ct 0’2 T(r, t) r? dr, [25]

respectively. The expressions for the temperature distribution in the
active material, CBD, and the homogeneous particle are given by
Eqgs. A-35-A-36 in the Appendix. The dependence of these energies
on V), is plotted in Fig. 4, for K»/K; =0.0178 and Ay/\; = 0.01.
When the active material volume fraction V; is small,
E>/(pacy,) > Ei/(picy) and E/(p*cy) = Ey/(pycy,). Figure 4 re-
veals that both E,/(pycp,) and E/(p*c)) exhibit an almost expo-
nential decay with V;. Consequently, the mean temperature in the

homogeneous particle, T = ﬁE / (p*cp*), also decreases nearly
7y

exponentially. Since C,/K* decreases linearly with V; (Fig. 2), q*
IZK;,rZS
455K+
large, Ei/(picy) > E»/(pacy,) and E/(p*c)) = Eif(picy). As V;
continues to increase, E/(picp,) and E / (p*cl;‘< ) experience a slight
increase and, thus, the mean temperature in the homogeneous
particle increases as well. Furthermore, since &C;/K* decreases with

increases with V; according to T = In contrast, when V| is

V; (Fig. 2) for large values of Vi, ¥ decreases with V.

For a given small V;, smaller values of the ionic conductivity
ratio K»/K; give rise to smaller values of the effective thermal
conductivity \* (Fig. 3). Large values of V; have the opposite effect:
smaller values of K,/K; induce larger values of \". That is because

E[(p*c)) = Ey[(p2cy,) when Vi is small (Fig. 4). Combining
Egs. 19, 25, A-35b and A-36, we obtain

7 %V]_”3+ %(1 )
|

+b( = v+ 20 - v, [26]

which shows that \* increases linearly with K»/K;. On the other
hand, if V; is large, E / (/)*cl;k )~ E) / (plcpl) and the mean temperature
of the homogeneous particle is independent of K,. Since smaller
values of K,/K; correspond to larger values of K/K* (Fig. 2), A\
decreases with K,/K; when V| is large.

Figure 3 also suggests the existence of a critical value of Vi,
denoted by V& (0 < V£ < 1), for which A" becomes independent of
K»/K;. This critical value V{" is a solution of the algebraic equation

a1 =733
+4b(1 = W3 + 2c(1 - V)]
=15a[(V}"” + 1)} = V2 = v}

+b[4VP + 12 = VB + E2 P, [27]

la(l — V)

which is derived from Eqgs. 19 and 20. The critical volume fraction
V(' is a function of the thermal conductivity ratio A/A;. When

Vi = V{7, the effective thermal conductivity Z:; =V,
Figure 5 shows the dependence of ionic conductivity corrector

and equivalent thermal conductivity 2* on the volume fraction V;
and the thermal conductivity ratio A/A;. According to Eq. 19, K, is

independent of \,/\;, while the latter significantly affects 1, as
predicted by Eq. 20.

Conclusions

We developed an equivalent heat-conduction model for the
composite electrode consisting of a spherical active-material particle
coated with CBD and immersed in a liquid electrolyte. The model
replaces this composite sphere with a homogeneous sphere of
equivalent thermal conductivity and with equivalent heat-generation
terms (Joule/Ohmic heat, reactive heat, and entropic heat inside the
particle and on its surface). The equivalent properties are defined
such that, for a given outer surface temperature, the two spheres
have the same heat across the solid/electrolyte interface and the same
amount of heat release (while enforcing mass and charge conserva-
tion). Our key result is an analytical expression for the effective
thermal conductivity, which is given in terms of the volume fraction
of the active material in the composite and the electrochemical and
thermal properties of the active material and CBD. Our analysis
leads to the following major conclusions.

® Our model provides an easy-to-use means for quantitative
assessment of CBD’s impact on thermal properties of composite
electrodes. Consider an electrode with CBD volume fraction of 0.1
and the ratios of thermal and ionic conductivities of CBD and active
material of 0.01 and 0.0178, respectively. Ignoring CBD, as is
current practice, would overestimate the composite’s thermal con-
ductivity by approximately 400%.
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® The ionic conductivity factor in our model accounts for the
Joule/Ohmic heat generation within CBD. It ensures that the same
amount of heat enters both the composite and homogeneous
particles. This factor equals 1 in the absence of Ohmic heat
generation in CBD.

® Our expression for the effective thermal conductivity provides
a valuable insight for the composite electrode’s optimal design. It
identifies the active material’s volume fraction that maximizes the
composite’s thermal conductivity, for given thermal and ionic
conductivity ratios between CBD and the active material.

® The simplicity of our equivalent electrochemical-thermal
parameterization facilitates its integration into pore- and device-
scale models of Li-ion and Li-metal batteries. These models can now
account for the presence of CBD and the physicochemical char-
acteristics of composite electrodes, without extra computational
expense.

Physical insights gained from our study offer guidance for the
optimal design of composite electrodes. Our effective model is not
limited to studying the effects of CBD; it can also be extended to
model novel composite anode and cathode materials, such as silicon
coated with carbon or lithium iron phosphate coated with carbon.
The use of our model to explore the thermal behavior of these
materials will provide valuable information for their integration into
advanced battery systems. In addition to composite electrodes, future
work involves the study of thermal effects that impact dendrite
growth and the formation of local hotspots in Li-metal and all-solid-
state batteries.?~°
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Appendix. Effective Thermal Conductivity
Making use of Eq. 17, we rewrite the heat flux Q;,(ry, t) in4 as

2
.
Qv = J (12, t = ) S H(t = 1)
n

[A-1]

x [¢1 - U@ T) + EM]

oT

s,

where ¢(r, t) = c¢;(r, t)/c1.max- The requirement that the total
amount of heat generated by (de)intercalation in the composite and
homogenized particles be the same translates into

n 2 .
7 fo /0 Qini(r1, 1)sin 8depdo
n 2 '
=} [* [T Qhra 1 = OH(t — mp)sin0dpdd.  [A2]

The derivation of the effective ionic conductivity K~ ensures that>
&1, 1) = py(n, ) = P(ra, 1) = G (ra, 0). [A-3]

By imposing the condition
Tir=r,t)=TFr=ryt— 1), [A-4]

we ensure that the effective diffusion coefficient D” satisfies the
conditions?’

U(El(rb t)’ Ti(f"], t)) = U(E(VZs [ TD)s T(}"2, [ TD))’ [AS]

ou (&, T) . 1) = oue, T)

, I —1p), A-6
T oT (r2 ) [A-6]

where ¢(r, t) = c(r, t)/cmax, by construction. These conditions on
the intercalation surfaces of the composite ( = r;) and homogenized
(r = r,) particles automatically satisfy Eq. A-2. This result enables us
to define the effective thermal conductivity A*. Indeed, accounting
for Eq. 11b and the interfacial relations A-3—A-6, we obtain an
equation for X0,

oT; T,

2

n n pr2r .
— M— — Ap—= sin @dgpdf
r Iy o [ Yor o ]m,t) Y

n 2 or (3T2 .
=H(t — 1) /0 /0 [/1*; - AZ;L o sinfdpdd.  [A7]

It remains to compute the temperature gradients in the homogenized
and composite particles.

In the derivations below, we take the outer surface temperature
T.(r5, 1) to be constant T, = T;,. Without loss of generality, we set
the initial temperature to 7j, =0 (otherwise, one can repeat our
analysis for T; — Tj, and T — Tj,). The continuity conditions at the
interfaces r = r; and r = r, become

ir=rnt=5Lr=nt)=n5=r1=0, [A-8]

where T (r, t) = (1/2) /0” Ty (r, 0, t)sin@ df is the angle-average

temperature.

A.1. Temperature in equivalent sphere.—Given the azimuthal
and polar symmetry, Eq. 9 takes the form

ohm”

oT _ A* o ( ,0T

® Lk 2 *

— = ——|rr—|+ A9
o T2 ar(r 0r) @ Al
The assumption of azimuthal and polar symmetry enables one to

solve the Laplace equations for electric potentials in polar
coordinates,” transforming Eq. 10 into q:;m = K,K*V¢-Vop =
Kin(K*Vp-K*V)/K* = Ky(—i)-(—1)/K* = I*K;/K*. This equation
is rewritten in terms of the rescaled time,

t
T= / P4y, [A-10]
0
and the new dependent variable u(r, t) = rT(r, t) as
ou 1 0% I1*rKC,
— = —_— O<r<r, [All
oT ~ prelort | PW(T)preK* r<r (A

where IC;, = IC,(h(T)) and A* = 7*(h(T)), and t = h(T) is given
implicitly by Eq. A-10. Accounting for the boundary and initial
conditions 14 with T}, = 0, the Laplace-transformed (with respect to 7")
solution of Eq. A-11 is

a(r, A7) = A" — e )

1% o Ky _, 1
R T aTAT
prefK* /0 FEN d7,

[A-12]
where A7 is the Laplace-transform variable, and s = ﬂTp*c;‘ . The

constant of integration A is obtained from the Laplace transform of
the boundary condition 11a, @(r,, A7) = O:

1 Izi"z o0 ICh 7T
A= _erz IS5 _ o1 ﬁp*c;‘K* /0 Fe d7.

[A-13]

This yields the Laplace-transformed temperature in the equivalent
sphere
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12 . er«? _ e—rﬁ r
pre K* e~ —

o Ky _irr
X-/O FerT

T, i) =

e "2~ p

[A-14]

The inverse Laplace transform, £7', of T'(r, A7) is given by the
convolution,

2 T
T(r,T)= *I* + / K:(h(y))w(r, 7 - v)dv, [A-15a]
pregK™ Joo AF(h())
where
wir, T) = £;11 = 728inhCs) | [A-15b]
r sinh(ry+/s)
A.2. Temperature in Composite Sphere—A.2.1. Solution

for active material—Given the azimuth and polar symmetry,
Eq. 1 with i =1 takes the form

[A-16]

or or

T A 0 T,
/)LCPI; =35 (rz—

) + qohm, 1’

where g, = (Irzz/rlz)2 / Kj. The transformation u(r, t) = rT(r, 1)
turns Eq. A-16 into

%_ ﬂ] 02141
ot pycp, Or? P1Cp,

Lobm,1 [A-17]

Accounting for the initial and boundary conditions 8 with T;, =0,
the Laplace-transformed solution of Eq. A-17 is

qohm, 1

i (r, 2) = (e — =) 4

)

A*pycp,

0o<r<mn, [A-18]

where A is the Laplace variable, and s; = Ap;cp, /4. The constant of

integration A; is obtained from the Laplace transforms of the
auxiliary conditions 3and A-8:

qohm, 11

A1=_2 51 -5ty
A7picp, (€511 — emS1 )

[A-19]

The Laplace-transformed temperature in the active material is
1%}
2
Apycp, TK
0<r<n.

Tir, 1) = - e = 1,

[o (™1 —

[A-20]

A.2.2.  Solution for CBD.—Unlike the Ohmic heat generation in
the active material, gopm1, the Ohmic heat generation in CBD,
Gohmz2 = KoV, - V,, is a function of both distance r and polar
angle 6. It is computed from the solutions of the Laplace equation for
electric potential in polar coordinates,”

Gonm,2 = K2l(az — 2b,r32c0s% 0 + (ar + byr~3)2sin? 6],
[A-21a]

with

_ I1(1 = V1/3
4y = I(1 1’1?’23 _ ( 1 ), [A-21b]
K1 - n /Vz) K -W)
= A =nr) _ IM= W

261 — i) 2K (1 =V

[A-21c]

The angle-averaged Ohmic heat generation in CBD, qohm’z(r), is

_ 1 [ . 2b3
T = 5 fo Gopm (1> 0)sin 0 dO = Kz(af + ;’62) [A22]

Given the lack of polar symmetry, Eq. 1 with i =2 is written as

oL A i(ﬂ&) a0 (sin@ﬁ) + Gohm,2-

pchzg =

r2or\' or ) r2sin0 a0 20
[A-23]
For the angle-averaged temperature, 7> (r, t), this gives
oL X o ,0h _
Cp,— = S>—|r"—1|+ . A-24
P2p, ot r2 6r( or Gohm.2 L !
The transformation i, (7, t) = rI;(r, t) turns Eq. A-24 into
_ 2- 7
9y _ A 0 =2 o2 p<r<n [A-25]
ot pycp, OF P2Cp,

As the CBD thickness, r, — r;, is much smaller than the composite
particle radius r,, we approximate the inhomogeneous term in
Eq. A-25 via a Taylor series expansion around r = r,

q, K; 1 5
Johm2 o 22 a?r+ 2b22[—5 - —r)
P2Cp, P26p, 3 n

+%v—mﬁ+0w—mﬂ”

2

I? ar? 3
= — +br+cry+ Ol(r — )11, [A-26a]
pchsz 7
with
15V - ‘,11/3)2
2(1 = W)?
3 (l _ ‘/11/3)2 _ 35(‘/1 _ ‘/11/3)2
(1 -W)? 201 - w2’
_ ylny2
oo A=W [A-26b]
2(1 = W)?

Figure 6 demonstrates the accuracy of this approximation when the
CBD thickness is small.

Accounting for the initial and boundary conditions8 with
Tin = 0, the Laplace-transformed solution of Eq. A-25 is

Gy(r, 2) = Ay e P27 4 By e=527 4 F(p),

n<r<rn, [A-27]
where ) is the Laplace variable, s, = Ap;cp, /42, and
2 2
Fy= 5 ! (“r Fbrtoem + 20 ) [A-28]
A2pycp, Ko\ 12 So1p
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Figure 6. The non-dimensionalised inhomogeneous term 1@y, »(r) /(P2 ¢p,)
in Eq. A-25 and its approximation in Eq. A-26. Both are plotted against the
normalized distance 7 = r/r,.

The constants of integration A, and B, are obtained from the Laplace
transforms of the auxiliary condition A-8, ii;(ry, 1) = ity(r2, A) = 0,
as

_ F(rpe ™ n — F(rpe /2

A e=-52 (=) _ oifs2 (—r) [A-29]
ﬁ N RC . ﬁ NI
L= (rpe (r2)e . [A30]
e—f52 (n=r) _ g2 (=)
Hence, the Laplace-transformed temperature in CBD is
2 1?
Lh=—— [ae (22 4 ﬂze—(r—rl)ﬁz
2pycp, K>
ar?
+— +br+cr+y|, n<r<n, [A-31a]
r
where v = 2al(s,r>),
—_— rl .
a'_eﬁrl_e—ﬁn’ [A-31b]

_ —(ar/r + bri 4 cr + 7) + (an + bry + cry + y)et2IDA2

%2 o452 12— _ g2 (21D ’
[A-31c]
B, = —(ar + bry + cry + 7) + (arl/n + bry + cry + y)el27rD~%2
27 =52 (r2=r) _ @52 (r2=r1) ’
[A-31d]
and a, b and c are defined in Eq. A-26b.
A.3. Equations for equivalent thermal properties.—

Substitution of Eq. A-15 into the definition of effecting properties
A and K, in Eq. 18 yields two coupled nonlinear integral equations
for X"(¢) and K, = K, (1),

P T K@)
p*c;ﬁK*fo /0 ) w(r, T—v)dv r* dr

=/0" Lir, 02 dr+ [ T(r, e dr, [A-32]
n
2. oT o
L=t -2
7 or or e
=H(t — 1) 29T /12@ . [A-33]
or or .
r2,1—7p)

We compute the inverse Laplace transforms, 71(ry, ¢) and T5(r», 1),
either numerically via the subroutine INVLAP?! from the MATLAB
File Exchange or analytically for large times ¢ and steady state, as
described below.

A.4. Asymptotic expressions for large time.—For large 1, i.e.,
for small A, the temperature in the composite sphere, Eq. A-31,
behaves asymptotically as

Ti(r, 1) = —M[(r2 — D)+ O] [A-34a]
BT ek, ! ’
and
2 _ ]2
L, A= 1240 1Ky

X{ raj[ﬁs +rir + nrd 3 = = (P + i2rE + nr)ir

12b[rE + 1} + riry — 12 = (s + )]

+6cry[r + ra — r — rra/r] + OV}

[A-34b]
The inverse Laplace transform is
12 4,4
() = ry /1 (rlz — 2, [A-35a]
1K
and
_ 17
I(r) =
124, K

a
X {—[r13 + r12r2 + r1r22 + r23 - - (r13r2 + r]2r22 + r1r23)/r]
)

+2b[rf + 15 + riry — 2 = (fry + rrs)ir)
+ 6cro[ry + ry — r — rir/rl}.
[A-35b]

Similarly, the large-time asymptote of the temperature in the
homogenized sphere is obtained from Eq. A-15 as

12Ky,
61*K*

T(r) = - . [A-36]

Substitution of Eqs. A-35 and A-36 into Eqs. A-32 and A-33 leads to

Ki _ 1 3a(l — 8% + 4b(1 = 8% + 6¢c(1 — 82
K* K 6? 4K,

[A-37]
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and

2F = {M[ISa((ﬁ

+ 1)3 = 6% - 9)
4, Ky

-1
15¢ o K
+b45+12—5+—6+1]+— b [A38
(4( ) ) 2( ) /111(]} e [A-38]

where 6 = r/r,. Expressing these relations in terms of the volume
fraction V; gives Egs. 19 and 20.
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